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AbstractEn this paperf-the divergence expression of modified magnetic vector potential A" ina homogeneous medi-

um is obtained using the time harmonic Maxwellj's equations. A boundary value problem of A" is establishedE-and the

uniqueness of the solution of the problem is proved. FinallyE-the validity of the boundary value problem is verified by

a time — harmonic field with an analytical solution.
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Introduction

In recent yearsE-several numerical methods have been
proposed for calculating the eddy current fieldsE=and
these methods usually focus on the electromagnetic po-
tentials which can be used to establish the boundary

value problem%UIE%Y. The widely — used electromagnetic

potentials are magnetic vector potential AE£-electric

scalar potential ¢ £modified magnetic vector potential

A" Ewlectric vector potential TEand magnetic scalar
potential 2. Among these electromagnetic potentialsE-
the definition of modified magnetic vector potential

A B35S of great interestE-because A includes both

magnetic vector potential A and electric scalar potential
¢ E-reducing the number of variables that need to be
solved. In additionEsome boundary value problems be-

come easy to be solved when using the modified mag-
netic vector A" . HoweverE~it is noticed that the

Coulomb gauge Vigd* =0 is not always satisfied for

the time harmonic electromagnetic fields. ParticularlyE-

Viod * will not be zero when the source currents exist.

This fact motivates us to reconsider the governing equa-

tions of A * £-boundary conditions of A* £mand the u-

niqueness of the solution of A"

The remainder of this paper is as follows. In Sec.1 we
give the divergence expression of modified magnetic
vector potential A . In Sec.2 we establish the bound-
ary value problem of A" . In Sec.3 the uniqueness of
the solution of A * is proved. In Sec.4 we give an ana-
lytical solution of A” for the Sommerfedj’s half - space

problem. Conclusions are stated in Sec.5.

1 Divergence Expression of A

Consider a time harmonic electromagnetic field in a
medium with conducting ¢ £-permittivity ¢ £-and per-

meability 1 being all constants. We also assume that

J; is the time harmonic source current in a limiued re-

gion in the medium. In this caseE-the Maxwellis equa-
tions with time factor € can be written in the time

harmonic formsE®

V x H=J, +0E + joDE~ £°1£0
V x E = - jwBE- £72£0
VioB = 0 £- £73£0
vieD = o.. £°4£0

Where H is the magnetic field intensity vectorEaE is
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the electric field intensity vectorE—B is the magnetic in-

duction vectorE-D is the displacement flux vectorfp, is
the charge densityE—w represents the angular frequency
of the time harmonic electromagnetic fieldE=y denotes

the Hamilton operator and j = v — 1 .
Using EqE "3£Gesults in the definition of magnetic vec-

tor potential A£°

B=1V xA. £75£0
Substitutin 5ECintE 2£E-we obtain
V XEE + jwA£0= 0 £76£0

and we can introduce an electric scalar potential ¢ sat-
isfying
£77£0

Let A" 2 A+ L yetn £78E0
Jw

then the electric and magnetic field intensity vectors
can be written as

E £79£0

-ij*

b

and o= iv w A" En £710£0

where A is known as modified magnetic vector poten-

tial. In additionf-using EqE 1£Cwe obtain

Vi€’V x HEBO= 4V i), — jofi o + jwcf juA”
£°11£0

and VA" =- fz v ioJ En £712£0

because V'V x HE®=0 . In Eq£ 12£8-the factor
k* = - jwf o + jweEC. Tt may be mentioned that the
current density .75 governs whether the value of V iﬂz *
will be zero or not £7and it is clearly unnecessary to
specify any gauge of A* .

The continuity of currents leads to

VieH, = - vif'J. + J,£0.  £713£0

where J, is the eddy current density and J is the dis-
placement current density. It can be seen from Eq.
£713£Gthat £1in generalEv i Uj\. #0 £-and thus Vi o4

0 . In this caseE-the normal component A, of A" is
discontinuous across the interface between any two re-

gions that are filled with different mediumsEsay A, %

A, E7and no vector W satisfies A* = v x W.

2 Boundary Value Problem of A *

Consider a three — dimensional medium — filled region
V) with medium parameters of &£ E7and ;. The
medium — filled region V| is assumed to be bounded

with medium parameters of o,Ew,£7and p,E7and the

source current J; is distributed in a limited regionf-as

shown in Fig.1. In Fig. 1£-S; represents the surface of
Vi with n 1 being the outward normal unit vector of S .
In additionE-the bounded field region 2 = V| + V, in-
cludes the whole field region of interest. It is worth
nothing that S, is the surface of 2 with n, being the
outward normal unit vector of S,. ThereforeE-the field

boundary value problem can be written in the following

form for the field region shown in Fig. 1£°

VxH=J, £ 0+jwcE® in QEE 14£0

V x H =—jopH inQ £E» £715£0
£°E, - Es£6 n, = 0 on S,£» £7°16£0
£°E, - Es£6x n, = K on S,£» £°17£0

Ez X ;L\z = ; on Sz£» £.18£©

Hyx ny = B on SyE» £719£0
5 RN

/, V2 8 “a/

z

““\ o & H ,"/

Fig.1 Typical three — dimensional time harmonic

electromagnetic fields
where K is the surface conducting current density on S,

and a and Z? are given vector functions.

On the basis of Helmholtz theorerfi’**£—0 determine an
unique vector fieldE-both divergence and curl of the
vector field should be specified simultaneously in the

field regionfE-and the boundary conditions should also

be given. The curl Vv x A" satisfies an equation that

can be obtained from Eqf 14E£8-while the divergence

ViBA " satisfies an equation that is given byE 12£0
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ThereforeE-using the boundary condition€™ 16EE5"17£E-

£718£8-anE "19£€the boundary value problem of A* in
Fig.1 can be written as followE®

VxVxA" —KA" =], in0Q £ £720£0
Vigd" = - k% vieJ, inQ £» £721£0
£°A" - ASE n; = 0 on §,E» £722£0

E--i V X 21* - LV X E;£©x 21 = K on S.E»
M1 M2

£723£0

A X na = a on S,E» £724£0

;]EH V X 22* £©)( 22 = E on Sz. £'25£©
2

3 Uniqueness of the Solution of A *
Two solutions for the boundary value problemf 20£6~
£7°25ECre assumed to be A and A; £und the vector F

is assumed to be F = A . E; . Then the vector F

satisfies the following boundary value problem£®
£726£0

£727£0
£728£0

VxVxF-kF=0 ingQEf
VinF =0 in £»
£, - P n = 0 on B
E'-i vV x T‘H - /‘LZV X 772£©>< 21 = 0 on 5,8 29£€

Fz X ﬁz =0 on SQE» £'30£©

E'% ¥ x FyEGx ny = 0 on SyE» £731£0
2

where Fl = 2:;1 - Zil and ?2 = 2:2 - Zlfz- In addi-
tionE-letting F° be the complex conjugate of FE£-one

can start with the following expression to analyze the

problem£®

[ [F“iﬁ"v le x?£©—iv x Fio

Ja Iz 1z

v x F1dQ =J [?fiﬁ"v x Ly x e

v, 1

1 - H \[,‘ \C-

—V x Fiigy x Fl]dVl +J [ FSin

M1 v,

"t i T i T - T
£V x 7 x F,E -y x F,inv x F5|dv,.

M2 "2
£732£0

Using P= i VxF 5'@ = FEthe integral formula

J%U()iﬁ"v x PEQuE" v x Q£8MV =

gﬁ Pif Q x nfas £- £733£0

and the boundary conditiorf” 28£€-one can rewrite the
right — hand side of EqE 32£8°

SB gLy « P98 Fy
s, M1

X E1£@SI

gg £"ﬁi V x F.EQ8 F5 x n,£QS, +
5 2

qg EL V X F2£©ﬁf‘5 X QZEQSZ =
Yo, M2
-1 > 1 > >
—ﬂg F7VXF1—7VXF2£©X7LI ja
5| M1 M2

Fids, + i—“ B 7V x FSEOrFS x n, SO 34£0
2 e

Substituting boundary conditionsE£ " 29£84 31 £8-and
£732£6into EqE" 34E£€-vne can find that the right — hand

side of Eqf 32ECequals zero.

On account of EqE 26£E-the left — hand side of Eq.
£732£Ccan be written as

J [?‘fiﬁ"v « Ly« Fee. Ly x Fjoy xﬁ“'ﬁ@
0 % %
d0Q = J‘Q ig.'sz'cinﬁ -V X T’_'iuv X FL£@Q =

j£“wze|?|2-l| V x F1?-jws | FI*£80.
Q H
£°35£0

Because the right — hand side of EqE 32£Cequals zerof-
the real and imaginary parts of EqE 35ECare

[g"w% Wk -i | v x F 1280 = 0 £°3680

Jﬂwa | F12dQ = 0 . £°37£0

and

respectivelyEhere x>0 £ >0 £4F 1 =0 and| v x
F1=0 .

We can see fronf "37£0that | F'| =0 when ¢ > 0f-und
using F =0 i 36£ECkesult in | V x F | = Of-therefore

F=0foro>0. ParticularlyEfor o = 0 £-we can treat

this case as a limit that ¢ > 0 and ¢ approaches zerof-
thus | F1 =0. These statements imply that the bound-
ary value problenf 20£G£ 25£Chas a unique solution.
4 Verifying Example

To verify the divergence expressionf 12£0and the
boundary value problemE 20£6-£25£8-we solve the

Sommerfeldj s half — space problem to give analytical
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solution of A * £-us shown in Fig.2.

In Fig. 26" p£9£2£Care cylindrical coordinatesE-and

e pE'e@ and e, are the usual unit vectors of the cylindri-

cal coordinate system . The region 1 implies z > 0 with
medium parameters ¢,£eEmyEthe region 2 implies z
< 0 with medium parameters o,£2,E7. At rg = zpe,
of region 2£-one can find a vertical time harmonic cur-
rent element [ [E-whose current density can be ex-

pressed in terms of & function£®
JErEO= I U871 1 - 1o |E@ £4 £738£0

Where r is a vector from original point O to the point

of interest.

Fig.2 The vertical current element in a homogeneous

half — space conducting medium
The equations of field region shown in Fig.2 can be

written in the following forms£®

V xV xA" - KA =0 £z < 0EE» £739£0

VoA =0 £z < 0ECE» £740£0
V x V xAs — KA = pol 1671 1 — 1o I£0
£z > 0ECE» £741£0
= wll 9 ... ~ ..
v ivA, :—/z—%ﬁﬁ | r — ro IEOE 2z > OECE»
£7°42£0

The boundary conditions are

A, = Ay, £z = OEGE~  £743£0

I IR I I
jzAlp - a{OAlz = azAzp - a{oAzg z = 0£@ 44£©

It is noticed that the values of fields at the infinite
points are finite. We can obtain the following analytical

solution of this problem using a derivatich “given in the

AppendixEE°

L = . CA e
Al = hlJo /\ulf[ - epﬁ /1‘()£©+ 62;1']% Apﬁ%)

e"dA £ £745£0

IR 32 R 32 (})e—jsz

o % "t 1.2
A2 :hz[epapaz+€€k2+azz R

I N
hzjo 22| e; A0Sk ¢, o Ao

e "7 da £n £746£0
where
poo ol e oo, £747£0
' drck?

k2 = = jau o; + jowe,£OE7i = 1£3ECEL 48E0
—£°2% - KE0? £ = 1£2£CE»  £749£0

U;

R :ED{OZ £z - z0£@£"(/2£» £°50£0

N = k%uz + k%ulf» £°51£0
2

f = 72/}\'?16_"210£» £752£0

2 2
g = We‘“z 0. £753£0
Alsof~J and J; are the Bessel functions of order O and
order 1 respectively.
The radiation problem of vertical time harmonic current

element shown in Fig.2 has been deeply investigated in

history. ReferencEU5EYstates the Hertz vector [1 which
could be used to solve the boundary value problems.

Using the method provided by Ref £05E%-one can ob-

tain the solution of || in Fig.2£°
11, = 208" 45 2p8%= aie, €7 < 0s8>
£754£0

N -jk, R —jk, R
e '™ e’

Hz 2“_2k%J°° \

waol R TR o Ni°
up

1 --A‘O£@—ué"z+z0£%A] e‘z £--z > 0£@_| £.55£©

2%

Where
w; = ]whl £.l = 1£2£@£‘| £-56£©

R, =£0p? +£7z + z,EREY2. £°57£0

It is easy to verify that substituting 54£Cn&E "55ECinto
A =- jj£--kz v vigd| £ £758€0
respectivelyE-one can obtain the same expressions of

£745ECanE "46EEwhich implie that™ 12£Cand boundary
value problenf 20£G£ 25ECare valid and reliable.

5 Conclusions

The divergence expression of modified magnetic vector

potential A" is determined by the basic law of time

harmonic electromagnetic fieldsE-thereforeE-it is not

necessary to specify any gauge of A" Generally
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speakingE-'ViUz " 20 .

This paper gives the boundary value problem of modi-
fied magnetic vector potential A £-which can be used
to solve the three — dimensional time harmonic electro-
magnetic fields in any arbitrarily complex regions in-
cluding subregions filled with linear homogeneous medi-

ums.

AppendixE?Analytical Solution to the Som-
merfeldjs Half — space Problem

In the field region of Fig.2EA * can be expressed as

A.The General Solutions of Equations£’ 39£0
anE 41£0

Because

VxVxA® = ¥ Viod £ y24 £~ £AIL0

the EqE 39£CanE "41£@an be written as
£°v?+ kG =0 £7A2£0

and
o2 200 * - B
£ V™ + k2£@2 = - [J{)Il €, + k% vV Jdz

11— ro IEE~  £7A3£0

respectivelyEWe assume that the vector S indicates the
right — hand side of EqE A3£Q Using the three — di-
mensional free — space Greenjs function — satisfied  i-

dentical equation

o —jkIT =T
§°1 7 -7 1E6= gty ket £7A4EO

4r | r— 7|
and
d 5 ( 2 1) J .
—vyi=|V -5 £ £7A5£0
Ip 'l e

3 g2 L2 P
S:hz[ep(v _‘02+k2)a[0(7z+ez

oIk R

.. 92
£v?+ k§£(>k§ + az2) R

Thereforefthe equation of componentsEZl 1*[)57‘1 1'2£7$12*p£ﬂ

£7A6£0

and A,,£van be written as
( V2 - p% + k%)Al'; = 0£  £7A7£0

£°v2 4+ KEQ; = 0 £n £ ASEO

9 1 )( N 9?2 e—jsz)
év—p2+k% Az~ ha gy S ) =0
£ A9EO

and

2 ) o ik R

3722 R]:O.

£v?+ k%E@Ag - h2( K3 +
£7A10£0
The general solutions ofE£~ A7E£EE" ASEEE" A9 £8-and
£7A10£Ccan be obtained by using the separation of vari-
ableSU1££°
Al = |7 apEBa e 4 ae o8 s < 0FEE-
0
£7A11£0

Alz = J J& A0EOb e "7 + bre*E@A £z < OECE-
0
£7A12£0

. P2 eikR
AZP = hy E)paz R

cre "Bl £7z > OECE-

* 82 efijR
A2z = h2( k% + ﬁ) R

d,e"*E8A £z > OECE~

v jo JAoEDc e 4

£7A13£0

+J K AofBd e +
0

£7A14£0

where a;£9,£1; and d; are the undetermined constants
with i = 1E9£3£4£Y  is the Bessel function of order n
of the first kindE~

B.The Determination of Constants a;£d,£¢;
and di

We assume that the real parts of u; and k; are positive.
Because the values of fields are finite at the infinite
pointsEwe can obtain
a;=0E-b, =0 £E»
¢y =0E~d, =0 £~
and only four constantsEw,E£H,£2; and dEneed to be
determined .
Substitutinge”A11£C€ancE"" A12E£CintE"40ECkesults in
Aay + uiby, =0 £7A15£0
Letting M be the right — hand side off”42£€and using
£ A4£Bone can get

(7). —ik,R ..
M= h2£ Ve KEE S L £AlGES

In additionEsubstituting” A13£87A14E£CandE™ A16E6nto
£7°42£8one can write
ACI - u2d1 = 0 . £-A17£©

Employing the Sommerfeldjs integral formul 52
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oIk e [w 1 P SR e Substituting the expressions of a,£#,£w, and d; into
5 = 5 fe Ak T T dAES g 5 5 - - ]

PRI 22 E£7A11EE-A12EE5A13ECanE " A14£80ne will get the te

£7AI18E0
all terms of right — hand side ofE " A13£0can be ex-
pressed in the integral formsEand in this case the
boundary conditiorE”43£Cleads to
ay — ¢ = — hyAle "%, £7°A19£0
SimilarlyEthe right — hand side off"A14£@can also be
expressed in the integral form by using A18E£€and the
boundary conditiorE” " 44£Cleads to
hyk3A°

2%}

e "%,

upas + Abz + Urcy) — Adl =

£7A20£0
ThereforeEnsingE™ A15EE~ A17E£85 A19£CandE™ A20£E-
one can obtain
ay = — hyAu fEby = h A*fEn

hyA*
c1 = hoA’gE~d; = Zizg.

sults of 45E£@ndE 46£0
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